In this work we combing models of disease dynamics and economic production, and we show the potential implications of this for demonstrating the importance of savings for buffering an economy during the period of an epidemic.
Introduction
One of the most important and difficult questions for economists is: why do some countries grow while others remain stagnant in poverty? There are many theories that try to explain this phenomenon, such as cultural differences, the role of social institutions or even differences in geographical factors between countries [1] . However, one possible explanation that has been little studied is that of a poverty trap created by the presence of an infectious disease. According to a WHO study [2] , infectious diseases are the leading cause of death for the poor. This phenomenon is particularly important in areas such as sub-Saharan Africa, where poor health infrastructure has made it difficult to eradicate dangerous diseases such as malaria [3] . Since human capital is a key factor in the production of an economy, it is reasonable to assume that the presence of a disease that inhibits the cognitive and motor skills of a population can lead to economic stagnation [4, 5, 6, 7] .
This theory has been studied from several points of view by Matthew Bonds along with other authors [8, 9] , in which they use an epidemiological and economic model to model the effects of an infection on the product of an economy and its population levels. In this paper we will start with the epidemiological model used by Bonds and then make a link with a Cobb-Douglas production function, which will model the level of production of the economy based on capital and labor inputs. The objective will be to find the balance of a simplified economy, then find that there is an optimal level of savings that maximizes the per capita product of an economy that is subject to the presence of a recurrent infectious disease.
Epidemiological Model
The model that will be used to model population and disease evolution is a general SIS (susceptible-infected-susceptible) model [10, 11, 12, 13, 14] , which describes a disease where individuals can recover and become infected repeatedly over the course of their lives. This model replicates several diseases to which poor communities in areas of the tropics such as malaria are subject. SIS model is one of the simplest epidemic models and is often used to model diseases for which there is no immunity.
When we speak of disease we are not really talking about a specific disease, but a set of diseases that have similar characteristics. More specifically they are diseases that affect the same population and are recurrent or emerging, are transient or short-duration, are infectious caused by biological agents, such as bacteria, viruses, fungi, etc., are transmitted by vectors or by contagion from one individual to another or by the ingestion of contaminated food or water and in addition not all immunity is acquired. For example, malaria, cancer, dengue, chikungunya, chagas, leishmaniasis, lymphatic filiariasis, sinusitis, pneumonia, meningitis, syphilis, tuberculosis, tetanus, diarrhea, respiratory diseases and many other neglected diseases. [2] . Many of these diseases are endemic in central Africa communities. [15, 16] Thus, if an individual acquires for example dengue of serotype 1 (DEN-1), although it acquires immunity for DEN-1 this individual is susceptible to contracting diarrhea or an other disease. That is, an individual can enter/exit to/from compartments of susceptible/infected by different diseases or the same disease. This is a model assumption which models not a specific disease but a set of diseases. Fig 1 shows the flowchart of the SIS model whereS is the susceptible population,Ĩ the population of infected andÑ the total population size. The parameter α will be the birth rate and it is assumed that all individuals enter the susceptible population at birth. The µ rate is the natural death rate that applies to both susceptible and infected populations. However, the infected population in addition to dying from natural causes can also die from the disease at a rate ν. Finally, the β and γ parameters are transmission rate and disease recovery rate respectively.
In this model it is assumed that the total population growth rate is not constant; this means that α is different from µ + ν. It is also assumed that an infected person can relapse into disease indefinitely. Another important assumption of this model and which will be the key to making the coupling with the Cobb-Douglas production function is that the recovery rate is not constant but depends on the health level of each individual which in turn depends on his level of consumption. We define this function as follows,
This function is the result of adding the following two functions,
where h(M ) measures the level of health of the individual which will be a function of income M [8] , but we will call the variable M the level of consumption of the population. In the second part of this manuscript and abusing notation, M will denote per-capita consumption. The parameter h is a constant that tells us the maximum possible level of health, while κ is the level of consumption required to obtain the midpoint between the saturation level h of the function h(M ). The value of the γ is the value of the typical recovery rate known where there is no consumption, ie for the level of recovery typical of the disease. The Table 1 : Sensitivity index of R 0 ( (5)) evaluated at the baseline parameter values given in Tab (3) Parameter Sensitivity index α 0.0007085
τ parameter is an exogenous calibration parameter whose purpose is simply to give the appropriate units so that both functions are rate of change, |τ | = 1 and we will not write it down. The recovery function γ(M ) is an increasing function between the γ and h values. This means that if γ is for example 1/15, that is to say 15 days on average with the illness and h is 1 the recovery rate as a function of consumption level increases, from a minimum recovery rate of 1/15 to a maximum of 1. That is, the most you can expect is one day sickness.
Since our SIS model does not have a constant population sizeÑ , we will seek the equilibria of the model for susceptible and infected levels when the proportions remain constant. We start from the following equations,
which show that the total population sizeÑ do not remain constant w.r.t. time t. Using the change of coordinates S =S/Ñ and I =Ĩ/Ñ the proportion of the total population size remains constant. The proportion system is:
Certainly the stationary states S * , I * and the basic reproductive number R 0 depend on the function γ(M ). The reason why we chose the γ parameter as the only function that depends on the consumption level M is due to the following study of sensitivity of R 0 with respect to all the other parameters shown in Tab 1. Remember that the value of R 0 is the one of that mathematically determines when there is an epidemic. The basic reproductive number for the system Eq (4) is given by
This means that if the recovery rate increases, the value of R 0 significantly decreases. That is to say if the level of consumption M is increased, indicating better health, the value of R 0 is expected to decrease. Regarding the death rate parameter µ, we do not study sensitivity analysis because R 0 does not depend on this parameter (for details see the electronic supplementary material).
Economic Model
In this part, an aggregate economy with a firm (business) and a representative household (individuals) will be modeled under the presence of a disease as discussed in the previous section. The economic model will be the Solow growth model [17] with the aggregate production function of Cobb-Douglas type,
i.e. this economy will be closed and without government expenditure, with a homogeneous Cobb-Douglas production function [18, 19, 20] of degree one where the productỸ (t) depends on an exogenous technological parameter c, of input capitalK(t) of that period and of the population fit to workS(t), that in our model will be the population not infected by the disease and therefore will be the susceptible population that we modeled in the previous section, and ∈ (0, 1) represents the elasticity of substitution of capital in the product, that is, how important capital is in the production function. Thus, if takes a value very close to one, it means that the product is very capital intensive, while if is very close to zero, the product is labor intensive.
Using the law of motion for the stock of capital we model the dynamic of capital,
whereĨ n (t) is the savings/investment function. It is assumed to be of a Keynesian nature, i.e. savings (and investment in a closed economy) equals a constant fraction a of total incomeỸ (t) , i.e.Ĩ n (t) = aỸ (t)
where a represents the portion of the product to be saved and 1 − a the portion of the product goes to consumption. The susceptible population will be now determined by both dynamics, the dynamics of disease and the dynamics of capital. The coupling functions of the two dynamic systems will be the recovery rate function γ(M ) and the CobbDouglas productionỸ (t) function. This is shown in the diagram all the savings are invested in capital for production, while capital depreciates at a rate δ.
As the population is not constant over time, the equilibrium of this economy will occur when capital and the susceptible population, at their per-capita levels, do not change over time. With this in mind, we will use the law of movement of capital and then find the equilibrium of capital per-capita and with this find the equilibrium of the economy. Using K =K/Ñ , Y =Ỹ /Ñ , S =S/Ñ , I =Ĩ/Ñ we can obtain the per-capita capital, the per-capita product, the susceptible and infected population in proportions and thus find an expression for the capital change. So, the dynamical system to analyze now is,
that has the steady states, different from the trivial equilibria,
which are stable. Recall that we also assume that a part of the product is invested in savings aỸ and another part in consumptionM = (1 − a)Ỹ or in per-capita terms M = (1 − a)Y . Therefore these equilibria are chained, because S * involves the recovery rate function γ(M ) and this in turn depends on the part that will be consumed. (for more information see electronic supplementary material).
Results
We have the following analytical results produced by the coupled model of two dynamic systems, one epidemiological and another economic, which is a c factor productivity dimensionless complex system [21] . If R 0 > 1 and δα > µ + ν then the equilibria in Eq (10) are stable. (demonstration in electronic supplementary material).
To explore the implications of our assumptions and models of the previous theoretical sections we now use numerical data. Some are found in the literature and others are averages or approximations of economies affected by recurrent diseases that satisfy our assumptions. In some cases we use data from populations that inhabit the central part of Africa, particularly Nigeria. The diseases from which we take some data and then average them are diseases that suffer from these communities. Some data were taken from vector-borne diseases such as dengue or malaria. Although these diseases are transmitted by vectors and from the epidemiological point of view they are modeled using other models, in our case this is not important, since we are not studying the disease as such or its transmission, we are studying individuals and their state of health and how this impacts on your physical work.
Unfortunately calculating averages is not the logical thing, because we cannot compare an individual who acquires malaria or dengue with another individual who is infected by a parasite that has produced gastroenteritis or even with another individual who acquire two or three diseases at the same time. The question of calculating the rate of transmission when we are observing various diseases is clearly not an average. In the case of dengue, the rate of transmission is calculated as the product of daily biting rate to a person, which is related with density proportion between humans and mosquitoes by the likelihood of the bite being effective. This value cannot be averaged with the transmission rate of a parasite that produces diarrhea and is in the untreated water that people consume without any sanitary precaution such as boiling the water. In this way some values were used in the simulation without being able to give an exact reference because no results of this type of field work are found. The data and their interpretations are shown in Tab 2 and 3. Fig 3 shows the solution for the population of susceptible S(t) and infected I(t) in proportions without any influence of capital or savings (solution of the Average depreciation rate (Nigeria) of the capital stock 0.059 [28] system ( (4) and (9) . Note that when there is no capital inflow and saving, the susceptible population decreases to a stable steady state and the infected population grows to a steady state (left side graph). However, when there is capital inflow and saving the population of susceptible individuals decreases, reaches a minimum and then grows until reaching its stable equilibrium point. For this same case the population of infected grows, reaches a maximum and then decreases until reaching its stable steady state (right side graph). That is, the model is showing recovery of the susceptible population in an epidemic due to the influence of the permanent saving of the susceptible population who are the ones that produce directly. Fig 4 shows the other solutions of system (9): the behavior of capital and the production of an economy affected by an epidemic. Note that capital is always increasing due to the permanent saving of the susceptible population. Note also that the susceptible population decreases only at the beginning reaching a minimum value from which it begins to grow and reaches its stable steady state. The graph on the left shows the solution for the population of susceptible S(t) and infected I(t) in proportions without any influence of capital or savings (solution of the system (4) with γ(M ) = γ, while the graph on the right shows the population of susceptible S(t) and infected I(t) in proportions with the influence of per capita savings and of course capital (solution of the system (9)) Initial conditions are S(0) = 0.8, I(0) = 0.2, i.e. in t = 0 the 80% of the population is healthy, but susceptible S(0), and the infected population I(0) is of 20% for t ranging from t = 0 to t = 60 days. The other parameters are shown in Tab 3. The basic reproduction number R 0 > 1 in this epidemic period. Note the fluctuation of the populations: in the case of the susceptible individuals it decreases strongly but has a slight recovery, whereas the population of infected increases rapidly but soon it diminishes slightly.
This same behavior happens to the economic production. This effect shows the importance of saving the susceptible population which is the only one that contributes to the economy its work force and its capacity of saving resulting in the recovery of the susceptible population and therefore of the economic production.
What is surprising and not expected is that the model shows that in this case the production initially decreases but then recovers until it reaches initial production levels. Moreover the point of equilibrium manages to slightly exceed the initial level of production. Fig 9 shows the phase portrait of production level Y (t) vs susceptible population S(t). The objective of this simulation of our model is to highlight the recovery of both the susceptible population and the production level in an economy affected by an epidemic under the assumptions that the susceptible population is the only population that produces and a portion of its income is saved and that these saving is reinvested back into capital. It is expected that the susceptible population and therefore the production level will decrease and effectively the model shows it in the first days of the epidemic (10 first days for this simulation) but, from this moment there are a recovery of the population and the production level until reaching their equilibrium. This is the most important result of the model and this happens due to two things: first the permanent saving and second to the reinvestment of this saving to capital.
We can see clearly where these minimum points are from which the susceptible population and the economy recover. The important thing that is shown is the recovery of the economy affected by an epidemic only assuming that the population saves permanently. The susceptible population also recovers and Figure 4: The graph on the left shows the solution for input capital per capita K(t) and susceptible population S(t) in proportions (solution of the system (9)). Initial conditions are S(0) = 0.8, K(0) = 0.3 ranging from t = 0 to t = 60 days. The other parameters are shown in Tab 3. The basic reproduction number R 0 > 1 in this epidemic period. Note the following surprising result of the model: While capital grows and tends to stabilize the product decreases in the presence of the epidemic but it manages to recover until reaching its level of stable equilibrium which is a little more than the initial value.
then reaches equilibrium. The difference between the four simulation charts in Fig 9 is only in the percentage saved and the initial capital percentage. Note that under epidemic conditions the recovery level of the susceptible population and of production depend more heavily on saving (a) than on input capital (K(0)). Note that with an initial capital of 50% the recovery of these two variables depends strongly on the saving level. Thus, in poor communities that can only have low initial per capita capital, the susceptible population and the production recover only if there is permanent saving. The conclusion that follows from the model is the importance of saving.
We can see the effect that it has on the equilibria by varying the values of the elasticity product of input capital . Fig 10 shows us the effect of increasing the elasticity of input capital , i.e. buying machinery, buildings, etc., on the equilibrium of the economy.
Note that the equilibrium of the product as a function of the equilibrium of the susceptible population is almost linear and it grows as we increase the product elasticity of capital . This is one of the expected results of the model. However, Fig 10 is not capturing the full effect of the proportion S * on Y * , as long as the assumption is made that the saving rate is a parameter of the model and does not capture the trade-off that the home must make for its decision to save to have more resources in the next period, or consume in this period to stay healthy and to be able to produce. It is in this sense that there is an implicit decision of households in the proportion of the per capita product they save and the proportion they consume.
The variables susceptible population S, infected population I, input capital K and production Y depend on time t (see Eq (9)). To understand that the disease recovery parameter γ also depends on the time t we can follow the following dependency sequence (see Fig 11) : the recovery parameter γ is defined : Phase portrait of per-capita product, Y (t) (on the vertical axis), versus susceptible population in proportions, S(t) (on the horizontal axis). In all four graphs the initial value S(0) ∈ {0.1, 0.5, 0.7, 0.8}. For the two top charts the per capita saving level is equal to 10%, (a = 0.1), while for the two below the saving level is 50%, (a = 0.5). The initial capital, for the two graphs on the left side, is 10%, (K(0) = 0.1), while for the two on the right side is 50%, (K(0) = 0.5). The value corresponding to Y (0) is obtained by the Cobb-Douglas formula (6) . Under epidemic conditions, ie under the assumption that the epidemic does not end, the levels of recovery of the susceptible population and of production depend more heavily on saving (a) than on initial capital introduced into the economy (K(0)). Note that with an initial capital of 50% the recovery of these two variables depends on the saving level. Thus, in communities that can not have a medium or high initial capital, ie communities that can only have low initial capital per capita, the susceptible population and the production recover only if there is permanent saving. Although it is very low what is important is the savings. The basic reproductive number is R 0 > 1. The parameters are in Tab 3 and the time is t = 0, . . . 1500 days.
Figure 10: The model shows an expected result, the higher the elasticity of input capital, the greater the output product. In this case we are increasing : 0.3 0.5 0.7.
as a function of the income M , γ = γ(M ) (see Fig A) . In turn consumption is defined as a part of production (Solow model for a closed economy), M = (1 − a)Y and the other part of production was saved Savings = aY where a is the percentage of production that is saved. The remaining part is reinvested in capital. Therefore consumption depends on time (see Fig B) . In this way we can observe that the recovery parameter gamma also depends on the time γ = γ(t) (Fig C) . Thus the parameter γ depends on the time t and also has its stable equilibrium. The equilibria S * , I * , K * and Y * will depend only on the percentage saved a and on the other fixed parameters.
Eq (11) shows the per capita product at equilibrium, Y * , as a function of the savings ratio of the economy, a, where γ(a) represents the recovery rate, which as previously explained, would depend on the consumption and therefore on the savings rate.
Therefore, we can obtain an expression for the equilibrium of the product in terms of the savings percentage of the economy. In other words, we can find a function of product equilibrium in terms of saving , Y * = Y * (a). With this function we can find the level of savings that maximizes the equilibrium of the economy's per capita product. Fig 12 shows the result that answers our initial question: the dependence of the product of an aggregate economy under the influence of a pandemic disease and the percentage of per capita saving that achieves a maximum product. This is perhaps the most important result within the whole model of coupled epidemiological and economic dynamics. This is not an expected result, since what is expected by simple intuition, in a community with a poor economy and also affected by an endemic disease or set of diseases is to save absolutely nothing. But what the model is showing us is that saving is good because the product is growing until a typical individual of this community saves half of its incomes. The optimum level of savings to maximize the product is close to 50%. Note that the level of production is the same saving 20% as 70%. (for more information see electronic supplementary material).
Discussion
In Eq (10) and (11) we find the equilibrium of the product of the economy that depends only on the model parameters. This implies that the behavior of the economy in the long term depends solely on economic variables such as: production technology, the elasticity of substitution of capital, savings and the rate of depreciation of capital and on epidemiological variables such as: birth rate, mortality rate (natural and due to disease), and the rate of the infected population.
At first glance, the model presented would seem to replicate the economic effects that have been studied and developed in the classical economic literature, where savings and production technology positively affect the product, while the depreciation and level of consumption negatively affect the product. However, our model captures an additional effect: capital investment in health through consumption.
In this sense, the effect of saving on per capita production is not altogether trivial, since although a higher level of savings implies an increase of the per capita product, in turn it implies a decrease in the proportion of susceptible population, degrading the health of the economy and therefore reducing the susceptible population, which represents the basis of labor. Even worse, as can be seen in the Eq (11) and Fig 12,  at this point it is still unclear what effect the proportion of susceptible population and per capita product has. Although there is a direct positive effect of the susceptible population on the per capita product, the susceptible population has an indirect negative effect. As we can see there is a very strong dependence between the points of equilibrium and the level of savings.
The economic interpretation of this phenomenon is supremely interesting, as the model would be suggesting a Malthusian and scandalous conclusion in which in this economy, under certain conditions, it is preferable not to invest in decreasing the proportion of infected, but it is desirable that the proportion of infected increases in order to increase the mortality rate and thus, those who survive have a higher level of output per capita. To better understand this statement, we can see the graph of Y * versus S * Fig 10, in which the equilibrium per capita product is plotted as a function of the proportion of susceptible population, for 3 economies with different levels of elasticity of capital substitution. In this graph, we can see that increasing the elasticity of capital substitution also increases the marginal productivity of the susceptible population and to this extent, for values of very close to 1, increasing S * is not going to translate into a significant increase in output per capita, but if will be very expensive, while increasing the proportion of susceptible consumption, would decreases savings and investment, and therefore capital and product per capita.
Conclusions
This paper couples two very simple models of two very different branches of knowledge. Perhaps this is the greatest virtue and weakness of the model: the strong assumptions make the models are the simplest and this can be a limitation of what happens in reality. But in turn this simple model captures and reproduces very complex dynamics, which are the key to understanding the notions of the effect of an epidemic on an economy. This is a phenomenon that has not studied, at least quantitatively.
Regarding the epidemiological model, it is important to mention that since it is a SIS model, it turns out to be very restrictive in terms of the diseases it can model, which can have negative repercussions on the overall importance of its development. But since we are not studying the effects of a particular disease on an economy we have taken a nonexistent, unnamed, disease, which in the place of being an existing specific disease is a set of existing diseases that affect the dynamics of an economy. For this reason, despite the strongly assumptions that finally led us to take the simpler models the results of the coupled model are excellent.
An interesting conclusion of this work is the interdependence between health and the product of an economy. In the literature, many papers concentrate on a unidirectional effect from one element to another, but from the integration of these two models it is evident that this is a complex relationship where the effects can flow in both directions. To understand and quantify this relationship has important benefits for public policies, since health expenditures compete for public resources it is important to have in perspective their contribution to development in order to make better informed investment decisions.
The most important result that answers our question: Why is it important to save? Is to have been able to find a function that quantifies the relationship between savings and product. The product reaches its maximum when saving is 50% of per capita income. What is surprising and not expected is that with only saving 10% is reached the half of maximum product.
Another of the most important conclusions reached by this work is the existence of a Malthusian poverty trap in economies with low levels of capital investment that feature pandemic disease, where the optimal decision of a central planner in these economies is to allow the death of a large part of the population so that the economy has an optimal growth and, to this extent, population growth will be stagnant at an optimal value depending on the conditions of the economy and disease. Intervening in this type of economy is extremely complex, because although the increase in the mortality rate is evidently undesirable for the quality of life of the population, the increase in life expectancy implies a deterioration in the quality of life of all, while the same resources (or even less) are being distributed among more people. Thus, from the outset, the problem of policy-making in this type of economy must have a value judgment and a utilitarian or humanitarian social utility function (Rawlsian).
Another important result in this work is the existence of an optimal level of savings that maximizes the per capita product of the economy, which is again Machiavellian, but has important implications for market efficiency: maximizing individual well-being, can achieve a welfare optimum social. This happen1s as long as the product per capita is taken as a measure of individual well-being.
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